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The finite-time performance of a quantum-mechanical heat engine(or refrigerator) with a working fluid
consisting of many noninteracting harmonic oscillators is considered in order to analyze three optimum oper-
ating regimes: maximum efficiency(maximum coefficient of performance), maximum work output(maximum
cooling load) and a third one,V criterion, which represents a compromise between them. The reported results
extend previous findings for macroscopic and mesoscopic energy converters to quantum heat devices and also
endorse theV criterion as a unified, optimum working regime for energy converters, independent of their size
and nature.
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I. INTRODUCTION

In the context of finite time thermodynamics[1,2], we
have reported a unified optimization criterion(hereafter re-
ferred to asV criterion) for energy converters in nonideal
processes[3]. If the process is characterized by an appropri-
ate independent variabley and a set of parameters, or con-
trols, hgj, we define theV criterion as a way to evaluate the
best compromise between effective useful energy
Eu,ef fsy; hgjd and lost useful energyEu,Lsy; hgjd. Specifically,
we take theV function as the difference between these en-
ergies, i.e.,Vsy; hgjd;Eu,ef fsy; hgjd−Eu,Lsy; hgjd. Results for
irreversible models of macroscopic thermal devices(heat en-
gines and refrigerators) with both linear and nonlinear heat
transfer laws[3,4], isothermal linear models of biological
motors[3], nonlinear systems rectifying thermal fluctuations
[5,6], and adiabatic rocking ratchets[7], show that in all
cases theV-based operation regime is intermediate between
those arising from maximum useful energy(power output in
heat engines and cooling power in refrigerators) and from
maximum efficiency[coefficient of performance(COP) in
refrigerators]. Moreover, the application of this criterion is
independent of environmental parameters(usually difficult to
estimate) and does not require the explicit evaluation of en-
tropy generation(a subtle issue in most cases) [2,8]. Its
implementation to heat engines only requires the knowledge
of power outputP and efficiencyh, while in the case of
refrigerators the cooling powerQL and COPe are needed. In
these cases it reads as[see Eqs.(2) and (3) in Ref. [3]]

VHEsy;hgjd =
2hsy;hgjd − hmaxshgjd

hsy;hgjd
Psy;hgjd s1d

and

VREsy;hgjd =
2esy;hgjd − emaxshgjd

esy;hgjd
QLsy;hgjd, s2d

where hmaxshgjd and emaxshgjd are the maxima of the effi-
ciency and COP, respectively, in the allowed range of values
of y for given g’s.

On the other hand, the investigation relative to quantum
cycle models(for both heat engines and refrigerators), their
high temperature limit, and the nature of the working sub-
stance has attracted a great deal of attention in the last years
(see, for example, Refs.[9–13] and cites therein). Along this
line, the main goal of this brief paper is to extend the previ-
ous studies[3–7] on optimum working regimes(in particular
those onV criterion) for macroscopic and mesoscopic sys-
tems to cycles with a quantum dynamics. With this aim, we
consider in the following section a harmonic irreversible
quantum cycle. Finally, we will face the obtained results to
those reported for macroscopic, traditional, heat engines, and
refrigerators and those reported for stochastic, ratchet de-
vices in order to stress some unified behaviors of thermal
devices, independent of their nature and size.

II. HARMONIC QUANTUM CYCLES

Many models of quantum cycles with different working
substances(such as harmonic oscillators, spin systems, and
ideal quantum gases) have been worked out[9–13]. As a
suitable model in our study we will consider in this paper an
irreversible quantum cycle with a working medium consist-
ing of many noninteracting harmonic oscillators. This model
is completely analogous to the one reported by Feldman and
Kosloff [12] for an ensemble of noninteracting two level
systems, in which the internal irreversibilities are considered
through a phenomenological friction coefficients, while the
external irreversibilities comes from the coupling of the
working medium with external thermal baths. These authors
stressed in their analysis the optimum time allocation of the
system in the different steps of the cycle, nevertheless we
will focus here on an analysis of the above-mentioned three
optimum-performance regimes for a constant total cycle
time.
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A. Harmonic heat engine

A schematic view of the power cycle in the population-
frequencysknl-vd diagram can be seen in Fig. 1. The work-
ing medium is coupled to a hot thermal bath of temperature
Th during a timeth with a constant frequencyvh along the
thermal branch 1→2, thus increasing its population from
kn1l to kn2l. Along theadiabaticbranch 2→3 variations of
the internal energy coming from a linear change both of the
frequency and of the population(this induced by the internal
friction coefficient s) during a time ta. Along the third
branch 3→4 the system remains coupled to a cold thermal
bath of temperatureTc during a timetc with a constant fre-
quencyvc, and lowering its population fromkn3l to kn4l. In
the lastadiabatic branch 4→1 the system closes the cycle
changing again its internal energy by linear variations of the
frequency and populations during a periodtb.

The energy balance of this cycle is the same that the one
carried out with detail by Feldman and Kosloff[12] but sub-
stituting the polarization of the two level system by the
populations of the harmonic oscillators and it will be not
repeated here. The final results for the(dimensionless) net

work outputW̄ and absorbed heat from the hot thermal bath

Q̄abs are given, respectively, by

W̄;
W

wh

= s1 − zdDneqFsx,yd −
s2

1 − xy

3Fzs1 − xdS 1

ta
+

y

tb
D + S x

ta
+

1

tb
Ds1 − ydG s3d

and

Q̄abs;
Qabs

wh
= DneqFsx,yd −

s2s1 − yd
1 − xy

S x

ta
+

1

tb
D , s4d

where

Dneq=
1

expsbhwhd − 1
−

1

expsbcwcd − 1
, s5d

Fsx,yd =
s1 − xds1 − yd

1 − xy
, s6d

and

x = e−Gctc, y = e−Ghth. s7d

In the above equations"=1, kB=1, b=1/T, andGc and Gh
are constants associated to the relaxation of the working me-
dium when is coupled to the cold and hot thermal baths,
respectively.

Work outputW̄ and efficiencyh=W̄/Q̄abs are shown in
Fig. 2 versusz=svc/vhd ands for the indicated values of the
(dimensionless) parameters accounting for the times in each
branchsta,tb,th,tcd, the temperatures of the external ther-
mal bathssTh,Tcd, and the constantssGh,Gcd. These figures
show that both magnitudes decrease as the friction increases
and that both of them are convex functions, thus showing
maxima for somez values(the monotonic decreasing behav-
ior of h on z when s=0 will be analyzed below). A closer
inspection to Fig. 2 shows that for anys the values ofz
giving maximum work and maximum efficiency are different
[see Fig. 3(a)] and, as a consequence, the parametric work-
efficiency plots show the characteristic looplike behavior of
Fig. 3(b). Thus work output and efficiency are functions with
maximum values in terms ofz, which can be considered as

FIG. 1. knl−w scheme of the harmonic quantum power
cycle.

FIG. 2. Harmonic quantum power cycle:(a) normalized work

output W̄ and (b) efficiency h, z and s. In all casesGc=1, Gh=2,
th=tc=ta=tb=0.01,Tc=2000,Th=8000, andwh=6000.
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an appropriate independent variable in a optimization proce-
dure of these magnitudes and, as a consequence, of the func-
tion VHE, see Eq.(1) and Fig. 3(a). The results of this pro-
cedure in terms ofs are shown in Fig. 4: in Fig. 4(a) we plot
the z values giving maximum efficiencyzmaxh, maximum

work outputzmaxW̄, and maximumV̄ , zmaxV̄; in Fig. 4(b) we

show maximum workW̄max, work under maximum effi-

ciencyW̄maxh, and under maximumV̄ , W̄maxV̄; and Fig. 4(c)
shows the maximum efficiencyhmax, the efficiency under

maximum workhmaxW̄, and under maximumV̄ conditions
hmaxV̄. From plots in the figures we stress that the criterion

VHE gives values ofz, W̄, and h which are intermediate
between those for maximum work and maximum efficiency
performance criteria.

As noted before, the behavior of efficiencyh with z when
friction is absentss=0d is a particular case. Under this con-
dition h decreases monotonically onz from its maximum
value to zero and the parametric work-efficiency plots be-
come open curves similar to those found under the so called
endoreversibleconditions [1,3,14] (i.e., the only source of
irreversibility is the coupling of the system to the external
thermal baths). However, as stressed by Feldmann and Ko-
sloff [12], this limit is only reached mathematically when
s=0 and besides the high temperature limit is fulfilled:Th
@vh andTc@vc. With these assumptions it is easy to obtain

some known(and expected) values for the efficiency already
reported for macroscopic and endoreversible heat engines
with linear heat transfer laws: the efficiency under maximum
work conditions is the well-known Curzon-Ahlborn value
[1–3], hmaxW=1−Îtst=Tc/Thd, and the efficiency under
maximumV conditions ishmaxV̄=1−Îtst+1d /2, an expres-
sion reported for endoreversible heat engines optimized un-
der the ecological criterion[14].

B. Harmonic refrigerator

Figure 5 shows a schematicknl−v diagram of the quan-
tum harmonic refrigeration cycle: two thermal branches 1
→2 and 3→4 where the working medium, respectively, ab-
sorbs heat from the cold thermal bath at temperatureTc and
rejects heat to the hot thermal bath at temperatureTh, alter-
nating with twoadiabaticbranches 2→3 and 4→1 in which
the internal energy changes with both the populations and the
frequency. In this case the magnitudes of interest are the
(dimensionless) heat absorbed by the system from the cold

thermal bath,Q̄L;QL /wh, and the work input to the system

W̄in;Win /wh, which are given, respectively, by

Q̄L = zF− DneqFsx,yd −
s2s1 − xd

1 − xy
S y

ta
+

1

tb
DG s8d

and

FIG. 3. Harmonic quantum power cycle:(a) normalized work

output W̄s31000d, efficiency h, and V̄s31000d z; (b) parametric

behaviorW̄−h. In all casess=0.002,Gc=1, Gh=2, th=tc=ta=tb

=0.01, Tc=2000,Th=8000, andwh=6000. The circle denotes the
maximum work point and the square the maximum efficiency point.

FIG. 4. Optimization results for the harmonic quantum power

cycle: (a) zmaxW̄, zmaxV̄, andzmaxh; (b) W̄max, W̄maxV̄, andW̄maxh; (c)
hmax, hmaxV̄, and hmaxW̄. In all casesGc=1, Gh=2, th=tc=ta=tb

=0.01,Tc=2000,Th=8000, andwh=6000.
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W̄in = − s1 − zdDneqFsx,yd +
s2

1 − xy
Fzs1 − xdS y

ta
+

1

tb
D

+ s1 − ydS 1

ta
+

x

tb
DG . s9d

From the above magnitudes the COP is given bye

=Q̄L /W̄in and theVRE function can be obtained from Eq.(2).
Three dimensional plots ofQ̄L and e are shown in Figs.

6(a) and 6(b), respectively, versusz and s. In these figures

we mention the monotonic behavior ofQ̄L with bothz ands
while e is a convex function onz with progressively smaller
values as the frictions increases(whens=0, e is a mono-
tonically increasing function onz; see below). Figure 7(a)

shows a two-dimensional plot ofQ̄L, e, andVRE for a con-
stantssÞ0d value, in which can be seen how the last two
functions are convexlike with maxima for differentz values.

A straightforward consequence of the behavior ofe andQ̄L is

the parametric curve 1/e versus 1/Q̄L plotted in Fig. 7(b),
characteristic of the all irreversible refrigeration cycles
[1,15]. As in the work cycle, alsoz can be considered now as
an appropriate independent variable in order to an optimiza-
tion procedure of the COP,e, andVRE. The results are shown
in Fig. 8(a) for thez values giving maximum COP,zmaxe, and
maximumV, zmaxV̄ [under maximum heat absorbedz is iden-
tically null, see Figs. 6(a) and 7(a)]; Fig. 8(b) shows the

maximum COP,emax, and the COP at maximumV̄, emaxV̄
(the COP at maximum heat absorbed is again identically
null); finally, Fig. 8(c) shows the(constant) maximum heat
absorbed,QL,max, the heat absorbed at maximum COP,

QL,maxe, and at maximumV̄, QL,maxV̄. Note that under theV
performance regime also the refrigeration cycle presents val-
ues of the COP and heat absorbed which are intermediate

FIG. 5. knl−w scheme of the harmonic quantum refrigeration
cycle.

FIG. 6. Harmonic quantum refrigeration cycle: heat absorbed

from the cold thermal bathQ̄L (a) and COPe, (b) z ands. In both
casesGc=1, Gh=2, th=tc=ta=tb=0.01,Tc=100,Th=500, andwh

=100.

FIG. 7. Harmonic quantum refrigeration cycle:(a) heat absorbed

from the cold thermal bathQ̄Ls310d, COPe, andV̄s310d againstz;

(b) parametric behavior 1/e−1/Q̄L. In all casess=0.005,Gc=1,
Gh=2, th=tc=ta=tb=0.01,Tc=100,Th=500, andwh=100.
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between those predicted by the maximum COP and maxi-
mum heat absorbed regimes.

When friction is absentss=0d the COP monotonically

decreases onz and, as a consequence, the 1/e versus 1/Q̄L
plots are typical of an endorreversible limit[1,15]. However,
this limit is only achieved when the conditionss=0 and high
temperatures limit are both fulfilled[12]. In this limit we
mention the value of the efficiency at maximumV, which is
given by thet-dependent expressionemaxV̄=t / sÎ2−t−td,
which (as expected) reproduces the corresponding value al-
ready reported for endorreversible Carnot-like, macroscopic
refrigeration cycles with linear heat transfer laws[3].

III. SUMMARY AND CONCLUDING REMARKS

We have presented a systematic study of the efficiency
(COP) and work output(heat absorbed from the cold heat
bath) for an irreversible, quantum harmonic heat engine(re-
frigerator) cycle when optimized under three different re-
gimes: maximum efficiency(maximum COP), maximum
work (maximum heat absorbed from the cold thermal bath),
and one more which represents the tradeoff between energy
benefits and losses for the specific job of the thermal device.

Beyond particular numerical values, it is interesting to
face the obtained results for the harmonic quantum heat en-
gine to those already reported for macroscopic, classic heat
engines(with both linear and nonlinear heat transfer laws)
[3,4] and for mesoscopic, stochastic, fluctuation rectifiers
[3,5–7]. Independently of their dynamics, all power systems
show as a significant characteristic that the maximum power
and maximum efficiency regimes are close but noncoincident
states. This fact gives rise to a looplike behavior for power-
efficiency plots which is a specific sign of real motors. In
regard to refrigeration systems, we stress the same qualita-
tive behavior of the coefficient of performance and cooling
power (the same parametric plots of the inverse of cooling
power versus the inverse of the COP) both in the quantum
and classical cases. Finally, and concerning theV criterion of
performance, we mention its intermediate character between
those of maximum efficiency(COP) and maximum power
output (cooling power), independent of the dynamics(clas-
sical, stochastic, or quantum mechanical) of the working
medium.

In summary, heat engines(refrigerators) seem to show
some similarities for the efficiency and power output(COP
and cooling power) when studied in terms of appropriate
independent variables in the context of finite time thermody-
namics, independently of their nature and size. A unified
analysis under different optimal performance regimes could
give guidelines in order to design efficient energy converters
and to compare their operation in different situations. In par-
ticular, and as noted by Greenspan[16], the optimization
criteria based on a concretecompromiseor tradeoffseem to
be realistic in order to describe not only physical processes
but also many human activities.
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FIG. 8. Optimization results for the harmonic quantum refrig-
eration cycle:(a) zmaxQ̄L

, zmaxV̄, and zmaxe; (b) emax, emaxV̄, and

emaxQ̄L
; (c) Q̄Lmax, Q̄LmaxV̄, and Q̄Lmaxe. In all casesGc=1, Gh=2,

th=tc=ta=tb=0.01,Tc=100,Th=500, andwh=100.
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