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Harmonic quantum heat devices: Optimum-performance regimes
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The finite-time performance of a quantum-mechanical heat engineefrigeratoy with a working fluid
consisting of many noninteracting harmonic oscillators is considered in order to analyze three optimum oper-
ating regimes: maximum efficiengyaximum coefficient of performangemaximum work outputmaximum
cooling load and a third one() criterion, which represents a compromise between them. The reported results
extend previous findings for macroscopic and mesoscopic energy converters to quantum heat devices and also
endorse thé) criterion as a unified, optimum working regime for energy converters, independent of their size

and nature.
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In the context of finite time thermodynami¢4,2], we
have reported a unified optimization criterignereafter re-
ferred to as() criterion) for energy converters in nonideal
processe$3]. If the process is characterized by an appropri-
ate independent variableand a set of parameters, or con-
trols, {y}, we define the criterion as a way to evaluate the

best compromise ~between effective useful energ igh temperature limit, and the nature of the working sub-

\I/E\/Lgeftii;e{?r};gnfi;%fitaﬁsiulheen?j:?f&]g%;{)l;}é.tv?g:r??r(\:ea!g,en-Stance has attracted a great deal of attention in the last years

SO ) _ ) - ) (see, for example, Reff9—13 and cites therein Along this
ergies, I'.bel.ﬂ(y,c{iyi) —fEu,e”(y’{y}) ) ELI‘;]L(y’{T}()j' R_esults for line, the main goal of this brief paper is to extend the previ-
Ireversivie models o mgcroscop!ct erma e"'@‘m‘ €N ous studie$3—7] on optimum working regimegn particular
gines and refrigeratoyswith both linear and nonlinear heat those onQ) criterion) for macroscopic and Mesoscopic sys-
transfer laws[3,4], isothermal linear models of biological

motors[3], nonlinear systems rectifying thermal ﬂuctuationstems to cycles with a guantum dynamics. With this aim, we
o . - ; consider in the following section a harmonic irreversible
[5,6], and adiabatic rocking ratche{g], show that in all 9

the)-based ¢ it diate bet guantum cycle. Finally, we will face the obtained results to
cases thél-based operation regime IS intermediate betweer, ;o reported for macroscopic, traditional, heat engines, and
those arising from maximum useful energower output in

X . . > refrigerators and those reported for stochastic, ratchet de-
heat engines and cooling power in refrigeratcaad from

. < ! . vices in order to stress some unified behaviors of thermal

maximum efficiency[coefficient O.f p_erforman_cceCQB_ N devices, independent of their nature and size.

refrigerator$. Moreover, the application of this criterion is

independent of environmental paramet@isually difficult to

estimatg and does not require the explicit evaluation of en- Il. HARMONIC QUANTUM CYCLES

tropy generation(a subtle issue in most caseR,8]. Its

implementation to heat engines only requires the knowledge Many models of quantum cycles with different working

of power outputP and efficiencys, while in the case of substancegsuch as harmonic oscillators, spin systems, and

refrigerators the cooling powep, and COPe are needed. In ideal quantum gasgdave been worked oU9-13. As a

these cases it reads e Eqs(2) and(3) in Ref. [3]] suitable model in our study we will consider in this paper an
irreversible quantum cycle with a working medium consist-
ing of many noninteracting harmonic oscillators. This model

where 7,.{v}) and en.{{y}) are the maxima of the effi-
ciency and COP, respectively, in the allowed range of values
of y for given y's.
On the other hand, the investigation relative to quantum
ycle modelgfor both heat engines and refrigeratprheir

29(y:{y}) - {h is completely analogous to the one reported l:_)y Feldman and
O"E(yi{y)) = Y y( _{7];;&& ? P(y;i{y}) (1)  Kosloff [12] for an ensemble of noninteracting two level
Yy systems, in which the internal irreversibilities are considered

through a phenomenological friction coefficientwhile the
external irreversibilities comes from the coupling of the
working medium with external thermal baths. These authors
stressed in their analysis the optimum time allocation of the
system in the different steps of the cycle, nevertheless we

*Also at Departamento de Fisica, Escuela Superior de Fisica will focus here on an analysis of the above-mentioned three
Matematicas, Instituto Politécnico Nacional, Edif. No. 9, U. P.optimum-performance regimes for a constant total cycle
Zacatenco, 07738 México D. F., Mexico. time.

and
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FIG. 1. (n)—w scheme of the harmonic quantum power
cycle.

A. Harmonic heat engine

A schematic view of the power cycle in the population-
frequency({n)-w) diagram can be seen in Fig. 1. The work-
ing medium is coupled to a hot thermal bath of temperature 0.6
T, during a timer, with a constant frequency,, along the n
thermal branch 12, thus increasing its population from 0.2
(ny) to {ny). Along the adiabatic branch 2— 3 variations of
the internal energy coming from a linear change both of the 0.4
frequency and of the populatidgthis induced by the internal : R
friction coefficient o) during a time r,. Along the third z
branch 3—4 the system remains coupled to a cold thermal (b)
bath of temperatur@, during a timer, with a constant fre-
quencyw, and lowering its population frorfnz) to (ny). In FIG. 2. Harmonic quantum power cyclé) normalized work
the lastadiabatic branch 4—1 the system closes the cycle o,utw and (b) efficiency 7, z and o. In all cases'.=1, [',=2,
changing again its internal energy by linear variations of the, =, =, =~ =0.01, T,=2000, T;,=8000, andw;,=6000.
frequency and populations during a periggd

The energy balance of this cycle is the same that the one
carried out with detail by Feldman and Kosl¢ff2] but sub- F(x,y) = w (6)
stituting the polarization of the two level system by the 1-xy
populations of the harmonic oscillators and it will be not
repeated here. The final results for ttddmensionlessnet and

work outputV_V and absorbed heat from the hot thermal bath x=eTlee, y=gTlhmh, (7)
Qaps are given, respectively, by
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In the above equations=1, kg=1, B=1/T, andI'; and Iy,

W are constants associated to the relaxation of the working me-
W= — dium when is coupled to the cold and hot thermal baths,
Wh respectively. -
Work outputW and efficiencyn=W/Q,,s are shown in

=(1-2)An*F(xy) - 1-xy Fig. 2 versugz=(w./ ;) ando for the indicated values of the

(dimensionlesgparameters accounting for the times in each
x {z(l —x)(l + l) + (1 + l>(1 —y)} (3y  branch(r,,m, 7o), the temperatures of the external ther-
Ta T Ta T mal baths(T,,,T.), and the constantd’,,I';). These figures
show that both magnitudes decrease as the friction increases

and and that both of them are convex functions, thus showing
o2 maxima for some values(the monotonic decreasing behav-
Qups= Qabs _ ARIF(x,y) - ﬂ(l + i) (4)  ior of 7 onzwheno=0 will be analyzed beloy A closer
Wh 1-xy \mya 7 inspection to Fig. 2 shows that for any the values ofz

giving maximum work and maximum efficiency are different
where [see Fig. 89)] and, as a consequence, the parametric work-
efficiency plots show the characteristic looplike behavior of
Aned= 1 _ 1 (5) Fig. 3(b). Thus work output and efficiency are functions with
exp(Bw,) -1 expBuw,) -1’ maximum values in terms of, which can be considered as
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FIG. 3. Harmonic quantum power cyclé) normalized work

output W(xX1000, efficiency %, and Q(X1000 z (b) parametric FIG. 4. Optimization results for the harmonic quantum power

behaviorW-7. In all casess=0.002,T';=1, T\=2, 7, =7.=74=17 cycle: (a) Zmaxw Zmaxar @NdZnay, (0) Winay Winaxa, andWiax,: (€)

=0.01, T,=2000, T,=8000, andw,,=6000. The circle denotes the 7max Zmaxy aNd Zmaxw In all casesl’';=1, I'n=2, = 71c=7,=7,

maximum work point and the square the maximum efficiency point.=0.01,T,=2000, T,=8000, andw,=6000.

an appropriate independent variable in a optimization procesome knowr(and expectegvalues for the efficiency already
dure of these magnitudes and, as a consequence, of the fungported for macroscopic and endoreversible heat engines
tion Q"'F, see Eq(1) and Fig. 3a). The results of this pro- ith linear heat transfer laws: the efficiency under maximum
cedure in terms of are shown in Fig. 4:in Fig.(@) we plot  \work conditions is the well-known Curzon-Ahlborn value
the z values giving maximum efficiencymay,, maximum  1_g3; Tmaxw=1—VA(7=T,/T;), and the efficiency under
work outputzya, and maximunt), Zyaq; in Fig. 4b) we  maximumQ conditions iSyman=1-™7+1)/2, an expres-
show maximum workW,,,, work under maximum effi- sion reported for endoreversible heat engines optimized un-

CIENCy Wiz, @nd under maximurf, Wi,,.q; and Fig. 4c)  der the ecological criteriof4].
shows the maximum efficiency,a, the efficiency under

maximum work 7m.,w and under maximung) conditions

o- From plots in the figures we stress that the criterion Figure 5 shows a schematio) - diagram of the quan-
Tmax- plots in the figures w "€MOMum harmonic refrigeration cycle: two thermal branches 1

QFE gives values ofz, W, and » which are intermediate 2 and 34 where the working medium, respectively, ab-
between those for maximum work and maximum efficiencysorps heat from the cold thermal bath at temperaTyrand
performance criteria. _ o ) rejects heat to the hot thermal bath at temperalyrealter-

_As noted before, the behavior of efficiengywith zwhen  pating with twoadiabaticbranches 2+ 3 and 4— 1 in which
friction is absen{(c=0) is a particular case. Under this con- the internal energy changes with both the populations and the
dition » decreases monotonically anfrom its maximum  frequency. In this case the magnitudes of interest are the
value to zero and the parametric work-efficiency plots be{dimensionlessheat absorbed by the system from the cold

come open curves similar to those found under the so calleg1 | bathO, = O, / d th K inout to th ¢
endoreversibleconditions[1,3,14 (i.e., the only source of thermal bathQ, _ Qu/ W, gn e wor .|npu 0 the system
=W,,/w,, which are given, respectively, by

irreversibility is the coupling of the system to the external Win
thermal baths However, as stressed by Feldmann and Ko- — d1l-x(y 1
sloff [12], this limit is only reached mathematically when QL =2 - An°F(xy) -1_—<— + —> (8)
o=0 and besides the high temperature limit is fulfill&g;: XY \a T

> wp, andT.> w.. With these assumptions it is easy to obtainand

B. Harmonic refrigerator
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FIG. 5. (n)—w scheme of the harmonic quantum refrigeration 100
cycle.
1/¢€
J— o y 1 /
Wip == (1-2)An*F(xy) + Z21-| =+~
1- Xy Ta Tp 60|
1 x
+(1—y)<—+—>]- 9
Ta Tb
_From the above magnitudes the COP is given dy 20
=QL/Wi, and theQRF function can be obtained from E@®).
Three dimensional plots d), and e are shown in Figs.
6(a) and &b), respectively, versus and . In these figures 1000 3000 13 5000
(b) L

FIG. 7. Harmonic quantum refrigeration cycle) heat absorbed
from the cold thermal batf), (X10), COPe¢, and()(x 10) againstz;

(b) parametric behavior %~ 1/6L. In all caseso=0.005,I';=1,
I'n=2, m,=7.=7,=7,=0.01,T.=100, T,=500, andw;,,=100.

we mention the monotonic behavior @Qf with bothz ando
while € is a convex function oz with progressively smaller
values as the frictior increasegwhen ¢=0, € is a mono-
tonically increasing function o; see below. Figure {a)

shows a two-dimensional plot @, , €, and QRE for a con-
stant o(#0) value, in which can be seen how the last two
functions are convexlike with maxima for differenvalues.

A straightforward consequence of the behavioe ahda,_ is

the parametric curve X/versus 10, plotted in Fig. Tb),
characteristic of the all irreversible refrigeration cycles
[1,15. As in the work cycle, alsa can be considered now as
an appropriate independent variable in order to an optimiza-
tion procedure of the COR, andQRE. The results are shown

in Fig. §@) for thez values giving maximum COR,,.,., and
maximum{}, z,.,o [under maximum heat absorbeds iden-
tically null, see Figs. @) and 7a)]; Fig. 8b) shows the
maximum COP,ena, and the COP at maximur), €m0

b) Z 015 (the COP at maximum heat absorbed is again identically
null); finally, Fig. &c) shows the(constant maximum heat

FIG. 6. Harmonic quantum refrigeration cycle: heat absorbed@Psorbed,Q ma, the heat absorbed at maximum COP,

from the cold thermal batl, () and COPe, (b) zando. In both QL max and at maximunt), Q_ 0. Note that under th€
cased =1, T,=2, 7,=7.=7,=7,=0.01,T,=100, T,=500, andw,,  performance regime also the refrigeration cycle presents val-
=100. ues of the COP and heat absorbed which are intermediate
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02 I1l. SUMMARY AND CONCLUDING REMARKS
We have presented a systematic study of the efficiency
(COP) and work output(heat absorbed from the cold heat
....... bath for an irreversible, quantum harmonic heat endirge
o1l T frigeraton cycle when optimized under three different re-
T gimes: maximum efficiencymaximum COP, maximum
work (maximum heat absorbed from the cold thermal hath
0.05 ZmaxQ =0 and one more which represents the tradeoff between energy
benefits and losses for the specific job of the thermal device.
Beyond particular numerical values, it is interesting to
() face the obtained results for the harmonic quantum heat en-

0.15

0.25 gine to those already reported for macroscopic, classic heat
engines(with both linear and nonlinear heat transfer laws
0.2 [3,4] and for mesoscopic, stochastic, fluctuation rectifiers
[3,5-7. Independently of their dynamics, all power systems
0.15 show as a significant characteristic that the maximum power
and maximum efficiency regimes are close but noncoincident
0.1 states. This fact gives rise to a looplike behavior for power-
0.05 efficiency plots which is a specific sign of real motors. In
' regard to refrigeration systems, we stress the same qualita-
tive behavior of the coefficient of performance and cooling
0.008 (c) power (the same parametric plots of the inverse of cooling
— power versus the inverse of the COBoth in the quantum
0.006 QL max and classical cases. Finally, and concerningheiterion of
performance, we mention its intermediate character between
those of maximum efficiencyCOP) and maximum power
0.004 5 _ 1 output (cooling powey, independent of the dynamigslas-
l_]jf‘f’f‘? --------------- sical, stochastic, or quantum mechanjcaf the working

00021 ooeemmmmmTTTT medium.
o Z In summary, heat enginegefrigerators seem to show
N some similarities for the efficiency and power outpGOP
and cooling power when studied in terms of appropriate
independent variables in the context of finite time thermody-
namics, independently of their nature and size. A unified
FIG. 8. Optimization results for the harmonic quantum refrig- analysis under different optimal performance regimes could
eration cycle:(d) Zmaxq: Zmax aNd Zmaxs (0) €max €ma, and give guidelines in order to design efficient energy converters
€maxqs (©) Quman Qumas @A Qumax. I all casesI';=1, I,=2, and to compare their operation in different situations. In par-
h= 7= T,=1,=0.01, T;=100, T,=500, andw,=100. ticular, and as noted by Greenspgif], the optimization
criteria based on a concretempromiseor tradeoffseem to
be realistic in order to describe not only physical processes
between those predicted by the maximum COP and maxiPut also many human activities.
mum heat absorbed regimes.
When friction is absento=0) the COP monotonically

decreases om and, as a consequence, thes Versus 10Q,

plots are typical of an endorreversible linjit,15]. However, ACKNOWLEDGMENTS
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